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x-Algebras generated by projections and families of
orthoprojections

Let P, be a x-algebra generated by n self-adjoint idempotents:

PL - Pn PF =P =P j=1,...,n
A representation of P, is determined by a collection P;,
j=1,...,n of orthoprojections on some Hilbert space H

Our task is to describe representations of P,, i.e., classify n-tuples
of projections.

As we will see, for n > 2 this problem appears too complicated,
and we apply extra conditions on the set of projections, as a rule in
the form of algebraic relations between the generators:

fu(p1y---,pn) =0, k=1,....m

where f, are some polynomials.
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Systems of subspaces of a Hilbert space

Definition
Let H; C H, j=1,...,n, be closed subspaces of a Hilbert space

H. We write
S=(H;Hs,..., Hp)

and say that S is a system of subspaces in H.

v

For a family of projections P;, j = 1,..., n define H; = Im P;, then
any representation of P, defines a system of subspaces and vice
versa, therefore,

the problem of description of systems of subspaces is equivalent to
the description of representations of P,,.
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Direct sums and indecomposable systems

Definition

Let S = (H; M, ..., Hp),

S' = (H';Hj,...,H)), S" = (H",H,..., H!)

be systems of subspaces. S is a direct sum of S’ and S”,
S=SeS"iftH=HoH"and ;=H o H', j=1,...,n.

Definition

System S is indecomposable if it cannot be represented as a
non-trivial direct sum of system of subspaces.

System S is indecomposable if and only if the corresponding
representation of P, is irreducible.
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Unitary equivalent systems

Definition

Let S'=(H"; Hy,...,H), S" =(H",H{,...,H)

be systems of subspaces. S’ is unitary equivalent to S” if there
exists a unitary operator U: H' — H" such that HJf’ = UHJf,
j=1...,n.

Systems of subspaces, S’ and S are unitary equivalent iff the
corresponding representations of P, are unitary equivalent.

Our task is to classify indecomposable systems of subspaces up to
unitary equivalence = classify irreducible representations of P, up
to unitary equivalence.

Below we assume that H; + - -+ + H, is dense in H (otherwise it
has a trivial component as a direct summand)
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x- Tame and *-wild problems

In representation theory, some problems have nice explicit solution,
while other ones are extremely complicated. E.g., any
orthoprojection P up to unitary equivalence is uniquely determined
by the dimension and co-dimension of P. On the other hand, there
is no satisfactory description for a pair of bounded self-adjoint
operators A, B in a Hilbert space H. Moreover, the latter problem
contains a subproblem of desctiption of any collections of finite or
even countable number of self-adjoint operators.

x-Finite problem: there exist only finitely many unitary
inequivalent irreducible representations.

x- Tame problem: one can present an explicit list of all, up to
unitary equivalence, irreducible representations.

x-Wild problem: the problem contains the description of pairs of
self-adjoint operators.
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Example of x-wild problem

Description, up to unitary equivalnece, of all pairs (P, Q) of
idempotents in a Hilbert space H is a x-wild problem.

Let A, B be bounded self-adjoint operators in H', let H = H' ®& H'.
Consider the idempotents in H of the form

| A+iB (1]
2= o "0"). a=i() )
Then the pair (P, Q) in H is irreducible iff the pair (A, B) is
irreducible in H’. Two pairs of such form, (P, Q), and (P, Q") are
unitary equivalent in H iff the corresponding pairs (A, B) and
(A’, B') are unitary equivalent in H'. O

v
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Single projection

Description of representations of P is *-finite problem.

Any representations of P; is determined by a single projection P
which is uniquely determined by dimension and co-dimension of its

image Im P.

All irreducible representations are one-dimensional:
e H=C, P=0,
o H=C, P=1.

For any projection P, the space H can be uniquely decomposed
into invariant w.r.t. P direct sum H = Hy & H; so that P|y, =0
and Ply, = 1.
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Pair of projections. lrreducible representations

The problem of unitary description of representations of P, is
tame.

Any irreducible representation of P> has dimension 1 or 2. All
irreducible representations, up to unitary equivalence, are the
following.

@ Four one-dimensional, H=C, Py, P, € {0,1}.

o One-parameter series of two-dimensional, H = C?,

1 0 c® cs
Pl_(O O)’ Pz_(cs 52)’

0<c<1,s=+1-—c? (general position representations).
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Pair of projections. Structure theorem

Theorem

Let Py, P> be projections in a Hilbert space H. Then H uniquely
decomposes into direct sum of invariant w.r.t. P; and P,
subspaces,

H = Hoo & Ho1 @ Hio & H11 ® C? ® Hy,

so that in Hy Py = jl, Py =kl, j,k € {0,1}, and in C> ® H,

I 0 c? CS
Pl_(o o)’ PZ_(CS 52)’

where C is a self-adjoint operatorin H,, 0 < C < I, S =1 — C2.

We say that the projections P;, P> are in general position if
Ho1 = Hio = H11 = 0.
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Pair of projections. Case of point spectrum

In the case where the operator C in Hy has point spectrum, i.e.
C = >, ckEk, Ei are spectral projections of C, one can easily
obtain that in C?> @ Hy = @©x(C? ® H, x) the projections have the

form
. Ik 0 L C/%’k Cksk/k
Pl o @k (0 0) ’ P2 o @k (Cksk/k Sl%/k ’

where ¢k, s, are eigenvalues of C, S, and /i is the identity
operator in the eigenspace H
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Pair of projections. Angles between subspaces

Given a general position pair of projections in C?,

1 0 c? cs
Pl_(O 0)’ P2_<cs 52)’

the image of P; is spanned by the vector v; = (1,0) and the image
of P, is spanned by the vector v» = (¢, s), thus ¢ = cos ¢, where ¢
is the angle between vy and v

The structure theorem states that the general position part splits
into (discrete of continuous) direct sum of invariant 2-dimensional
planes, such that intersection of each of the subspaces, Hi, H>
with any plane is a line, with the angle between these lines
determined by the corresponding point of o(C).
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Angles between subspaces (continued)

Definition

We say that angles between subspaces H;, H> are in set
{¢1,...,0m} if the corresponding projections P; and P, are in
general position and o(C) C {cos ¢1,...,cos pm}.

If there is only one angle between H; and H>, i.e.
o(C) =71 € (0,1), then

2 )
P1:<l 0)7 P2:< 7= V1 7'/)7

0 0 ™V1-—721 (1-7?)l
and the projections satisfy

P1PyPy = T2P1, PyP1Py = 72P;. (1)
Conversely, (1) implies that P; and P, are in general position and
a(C) =r.
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Angles between subspaces (continued)

Also, P; and P5 are in general position with angles in

{¢1,...,Pm} iff

] “(P1P2P1—7'£P1):0, ““(PQP]_PQ—TIEPQ):O.
k=1 k=1

where 7, = cosoy, k=1,..., m.

Algebras generated by families of projections with relations of such
sort were introduced and studied in [N.Popova, A.Strelets,
Yu.Samoilenko, 2007-2009]
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Triples of projections. Wildness

Theorem (S.A.Kruglyak, Yu.S.Samoilenko, 1980)

The problem of unitary description of representations of P3 is
x-wild.

To prove this, one can take a pair (U, V) of unitary operators in H
and explicitly construct three projections, P, P>, P3 in

H = C* @ H as block matrices whose matix units are expressed via
U and V in such a way that the construction preserves
irreducibility and unitary equivalence.
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Triples of projections. Continued

Similarly, one has the following.

Theorem (S.A.Kruglyak, Yu.S.Samoilenko, 1980)

The problem of unitary classification of triples of projections,
Py, P>, P3, such that PP, = 0, is x-wild.

Proposition (I.Feschenko, A.Strelets, 2012)
@ Let P1, P>, P3 be projections such that P1P, = 0 and
P1+ P>+ P3 <, then P1P3 = P,P3 = 0.

@ The problem of unitary classification of triples of projections,
Pi, P>, P3, such that P1P, =0 and P1 + P, + P3 < (1 + E)I
for any fixed € > 0, is x-wild.
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Operator Gram matrix. Construction

Let Pq,..., P, be a family of projections in H, let H; = Im P},
Jj=1,...,n Let 5;: Hi — H be isometric embeddings, so that
Sij‘ = Pj, Sj‘Sj = lHj. Consider space H=H, & - -@®H, and
operator J = (Sy,...,S,): H— H.

Definition (Yu.Samoilenko, A.Strelets, 2009; |.Feschenko,
A.Strelets, 2012)

Operator G = J*J: H — H is called operator Gram matrix,
corresponding to the system of subspaces (H; H, ..., H,).

Block entries of the operator Gram matrix are (575k)/_1,
therefore in the case where all P; are one-dimensional projections
we have H;j = C(ej), ||¢j|| =1 and G is the Gram matrix of the
system of vectors (e1,...,€,).
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Operator Gram matrix. Properties

Theorem (l.Feschenko, A.Strelets, 2012)
Operator Gram matrix possesses the following properties.
Q@ G=G",G>0
@ Diagonal entries of G are identity operators, Gj; = Iy,
Jj=1...,n.
(3 ) ijIO e HJ'J_Hk.
©Q H, and Hy are in general position with set of angles

(f1,...,0m) iff o(GjGij) = 0(Gij Gj) C {75, ..., Th},
Tp =COSQp, p=1,...,m.

(5 ) Zjon-Pj = | forsome aj >0, j=1,...,n, iff
DGD is a projection, D = diag(\/ailq,, - -, /QnlH,).
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Operator Gram matrix. Properties (continued)

~

Let Q1,..., Qn be the projections on H; in H.

Theorem (l.Feschenko, A.Strelets, 2012)

o Family (P1,...,Pn) in H is irreducible iff
the family (G, Q1, ..., Qp) is irreducible in H.

o Families (P1,...,Pn) and (Py,..., P}) are unitary equivalent
iff the corresponding families (G, Q1, ..., Q,) and
(G',Q1,...,Q)) are unitary equivalent.
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Inverse construction

Above, given a family of projections Pi,..., P, in H, we
constructed the corresponding Gram operator G > 0 together with
a family of projections @, ..., @,, such that

ZQJ‘ =1, QiGQR;=Q,
=1

and showed that they carry information about the initial family.

Assume we have projections Q1. ..., Q,, in a Hilbert space H,
2221 Qx =/, and bounded B > 0 in H such that QiBQ; = Q;,
j=1,...,n. Is it possible to counstruct a family Py, ..., P,, for
which B would be the Gram operator?
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Inverse construction (continued)

Let H' be the closure of Im B and let S: H' — H be isometric
embedding. Define J = S*v/B: H — H'. Obviously, J*J = B.
Put P =JQJ*: H' = H', j=1,...,n.

Theorem (I.Feschenko, A.Strelets, 2012)

° PJf, j=1,...,n are projections.

@ Let B be the Gram operator of some family (P, ..., P,). The
constructed above family (P1, ..., P}) is unitary equivalent to
(P1,...,Pp).

@ Let G’ be the Gram operator of the constructed family ij,
j=1,...,n, and Q,..., Q) are the corresponding
projections. Then the family (B, Q1, ..., Qp) is unitary
equivalent to (G', Q1, ..., Qy).
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Posets and their representations

Additional condition: family forms a representation of a finite
poset.

Definition

Let [ be a finite poset, S = (H; H;,j € I') is a representation of I,
iijCHkasj<k.

For the corresponding projections we have P;P, = P; as j < k.

Posets can be depicted by Hasse diagrams: points of [ are
represented as verticesand i — jif i<jandno kel:i< k<.
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e =.,S5 = (H; H) — x-tame problem.
o=, . S=(H,; Hi, Hy) — xtame problem (Py, P»).

o=, . . S=(H;Hy,Hy, H3) — *-wild problem
(’D17 P27 P3)

o[ :I ., S = (H, Hl, HQ, H3), Hy € Hy — *x-wild problem,
equivalent to (P; L P>, P3).
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Finite posets of tame and wild type

@ Finite poset I is a chain, if it is linearly ordered, i.e.
(=1 <a<- < anm.

@ Finite poset I is a semi-chain, if it has the form
=11 <Tly<---<T, where each I'; consists of one or two
incomparable elements and ['; <T;;1 meansa<basaclj,
b e Fj+1.

Unitary description of representations of I is a x-finite problem iff
[" is a chain, x-tame problem iff [ is a semi-chain. Otherwise, it is
a x-wild problem.
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Description of representations for finite chains and
semi-chains

@ Letl =a; <---< ay be achain. Any irreducible
representataion of [ is one-dimensional and has the form
(Pi,...,Pm)=1(0,...,0,1,...,1).

@ Let [ be a semi-chain. Any irreducible representataion of I is
one- or two-dimensional and has the form:

o H=C, (Pi,...,Py)=(0,...,0,1,...,1),
(Py,...,Pn)=1(0,...,0,1,0,1...,1) where underbraced
are incomparable. =

o H=C2 (P1,....,P,)=(0,...,0,R,....,R,R,Q,1....1)

R_ 1 0 Q= cos? ¢ cosqbsmgbv 0.7 /2
—\0 0)" " \cosgsing  sin’¢ ¢ €(0,7/2),

underbraced are incomparable.
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Class of problems

Condition on the collection: each pair of subspaces are orthogonal
or angles between them are in a fixed finite set.
S=(H,Hs,...,H )
(1 ) N (mjic) 2
jk = {0 < Tik < Tik < 1}, Tjk = COS ¢Jk,
J,k=1,...,
toset H; L Hk we assume mjx = 0 and Tj = 0.

Problem

Describe up to a unitary equivalence irreducible systems, for which
angles between H; and H; are in T;;
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Graph notation

Such systems of subspaces can be described by weighted (Coxeter)
graphs. To each H; we associate a vertex, and connect a pair of

vertices j, k,o__ ik, the number rix depends on the number
depends on the number mj, of possible angles in Tj, as follows:

2 — no edge: » e, projections are orthogonal
3 (not written) — one angle: «——e, relations PiP;P; = 1 P;,
PJ'P,'PJ' = 7‘,'ij
4 OLO, relations (:D,':DJ')2 = T,'J'(P,'PJ'), (PJ'P,')2 = T;J'(PJ'P,')
5

5 — two angles: «—2—s, relations
(PiP;P; — TV P)(PiPiP; — 712 Pi) = 0,
(P;PiP; — TS P)(PiPiP — 7 P) = 0
etc. Notice that for even numbers we obtain intermediate class of
relations.
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x-Algebras related to (I, T), T = {T;}

Collections of projections with fixed sets of angles

Define set f of polynomials (assume fj = f;)

fi(x) = (x — Tj(kl)) o (x - Tj(kmjk)), for odd weight,

fik(x) = x(x — 7'J.(k1)) o (x = 7'1.(,(mjk)), for even weight.

Then the relations for the projections for odd and even weights are
correspondingly

fik (P Pi) Pj = fix (P Pj) P = 0,

fik(P;Pk) = fik(PiPj) = 0.

Such families of projections are representations of x-algebra

TLr,f,L :C<p1,...,pn | pJ2 :p}k :pj’j:]_,...,n
fik(pipk) P = fi(ppi)py . J # k)

we call TLr ¢ | the Tempreley—Lieb type algebra corresponding to
[, f with orthogonality.
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Representations of TLr ¢ |

Let P1,..., P, be a representation of TLr ¢ |, and let G be the
corresponding Gram matrix.

Since O'(ijij) = O'(ijij) C Tjk1 J,k=1,...,n, the condition
G > 0 imposes conditions on the sets Tj, j,k =1,...,n for a
representation to exist.

For various classes and examples of graphs such conditions were
studied in details.
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Simple systems with orthogonality

Condition: each Tij is either 0 or 7; < 1

[ = (Vr, Er) — simple connected graph, Vi ={1,...,n},

Theorem (N.Popova, 2001,2002; M.Vlasenko, 2004;

Yu.Samolenko, A.Strelets, 2009)

If I is a tree, the classification of all irreps is a x-finite problem.

If I has unique cycle, the classification of all irreps is a x-finite or
x-tame problem (depends on 7).

If I has n cycles, n > 2, there exists T, for which the classification
of all irreps is a x-wild problem.
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Simple systems with orthogonality (continued)

Sketch of the proof

1. ' is connected, all H;, j = 1,...,n, have the same dimension.
2. The entries Gjx of the Gram matrix are ,/7jx Uk, Ujx are unitary,
J,k=1,...,n.

3. Passing to unitary equivalent system one can assume Uy =/
for all but e — v + 1 operators.

4. Invariant subspace for the remaining Uj, gives rise to invariant
subspace of the whole family.

5. For a tree, all Uy = I, so there is at most one representation.
6. For the case of a single cycle, there can be a family of irreps
parametrized by points of a circle (provided G > 0), or its subset,
including single point or ().

7. For the case of 2 or more cycles we have two or more unitaries
and G >0 for 7j = 7 < (indlN)~2
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[ Is a tree

As noticed above, in the case where [ is a tree, there can be at
most one representation,

and in this case dm/mP; =1, j =1, ..., n. The Gram matrix is
1
G = T
1
A representation exists iff G > 0, in this case G is a Gram matrix
for some vectors eq, ..., e, P = Pej, j=1,...,n.
dimH =n (G >0)orn—1 (ker G # {0}).
In the case 74 = 7, j,k=1,...,n, we have G > 0 iff

I +/TAr >0, 7 < m, Ar — adjancency matrix of I'.
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Example: All but one collections

Consider x-algebra P,p0 , with generators q, p1, ..., p, and
relations

2 * *

¢=q"=q, pi=p =p, j=1,....n
pLt+pn=e

[N.Vasilevski, 1998]

A representation of this algebra is a family of projections

Py, P1,...,P,with Py +---4+ P, =1. For n > 2 the problem of
unitary description of all representations is *-wild.
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All but one collections. One-dimensional projections

However, under additional condition that
dimlmP; =1, ;=0,...,n

the description of all irreducible representations is x-tame problem.
In the case of general position, i.e. if each pair

(Pj,Po), j=1,...,nis in general position, any representation of
Pabo,n is a representation of TLr, ;1 , with

701+ -+ T0n=1
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Case of single cycle

If ' has single cycle, for any irreducible representation of TLr ; |
we again have that

dmlmP; =1, j=1,...,n.

The correspondig Gram matrix can be reduced to the form

1 eigb\/Tln
Gro=| =~ VU  $el0,2n)

dmH e {n,n—1,n—-2}

The condition G > 0 can imply further restrictions on ¢: explicit
examples show that for some {7k} ¢ can be arbitrary value in
[0, 27), for other the matrix is nonnegative as ¢ is in some
segment of a circle, single point or even ()
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Case of multiple cycles

For multiple cycles, the complete description is *-wild problem.
A class of representations with dim ImP; =1
1

L el
Gr = © J. Tk >0, o€ [0, 27)

Example

PiPiPy = TPy, k #j =1, 2,3, 4. The graph is Kj: :

The sufficient condition for G > 0is | + /TAk, >0
o(Ak,) = {3,—1,—1,—1}, so we have 7 < 1/9
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Systems related to Coxeter graphs

Theorem (N.Popova, Yu.Samoilenko. A.Strelets, 2008)

o IfT is a tree, at most one edge (j, k) has ry > 3, then the
description of irreps of TLr ¢ | Is *-finite.

o IfT is a tree with two edges

4 4
4 5 ..
L5 .5 ...

then the description of irreps of TLr ¢ | is *-tame.

@ In the rest cases there exist such collections of angles that the
description of irreps of TLr ¢ | is x-wild.
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All but one revisited

Recall that a representation of P,p, , is a family of projections

Py, P1,...,P,with Py +---+ P, = 1.

To extend the case of dimImP; =1, j =0,..., n discussed above,
we assume that there can be m; fixed angles between Py and P;,
j=1,...,n, ie.

mj mj

[1(PiPo = 77))P; = TT(PoP; — 77)Po =0,
k=1 k=1

j=1,...,n; here 7'J-(k) € (0,1) are fixed parameters corresponding
to the angles between the subspaces [I.Feschenko, A.Strelets,
to appear].
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All but one revisited (continued)

Let G be the Gram matrix of (Py, P1,..., Py,), and let
Qo, @1, ..., Qn be the corresponding projections defining its block
decomposition.

@ The condition on angles implies that each pair (P, P;) is in
general position, i.e. all blocks have the same dimension.

@ Passing to unitary equivalent collection one can assume that
all Gjx >0, j,k=0,...,n

o o(GZ)c{rM, ... ™ =1, ..

@ Since Goj = 505j, Pj = 5;5; we have

Y Gh=> GoGo=) S355So=5;> PiSo=1
j=1 j=1 j=1 j=1
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Collections of projections with fixed sets of angles Case of multple angles

All but one revisited (continued)

The problem of description of collections of projections
Po, P1,..., P, with Py +---+ P, =1 and

mj m
[1(PiPo— 7P, H PoP; — 7")Py = 0,
k=1 k=1

Jj=1,...,n,is equivalent to the description of collections

A=A o(A) c{rM L n ™y =1

with

zn:Aj =/
j=1
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Families of operators

Families Ay, ..., A,
ZAk - ’7’7
k=1

A = 72, O'(Ak)CMk,k:].,...,n.

Problems

@ Sets of parameters, for which a solution exists

@ Structure of the operators Ay, ..., A,
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Example

Sums of projections Py + - -+ P, = ~l.
Yo={yeR|IP1+ -+ P,=7l}

Theorem (S.Kruglyak, V.Rabanovich, Yu.Samolienko, 2002)

Sn=NMA,U[3(n—+n2—4n),3(n++vn2—4n)]Un— A, where
An = {3 cth(k arcth(3+/n))(n — V'n2 — 4n), k € N}
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Four-tuples of projections with scalar sum

Let P1, P>, P3, P4 be projections satisfying

Pi+Py+P3s+Py,=X\, MeER.

Theorem (V.O., Yu.Samoilenko, 1998)

@ A solution exists for
ref{2+ 5 1se{1/2,1},k=0,1,...}U{2};

@ For A\=2+ -2- k >0, there exists one irrep of dimension

2k+17
2k +1;
@ fFor A\ =2+ k%rl k > 0, there exists 4 irreps of dimension
k+1;

@ for A\ = 2 there exist two-parametric family of irreps of
dimension 2 and 6 irreps of dimension 1.
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Four-tuples of projections with scalar sum, A = 2

Theorem (V.0O., Yu.Samoilenko, 1998)

Any irreducible four-tuple of projections Py + Py + P3 + P4, = 21 is
unitary equivalent to one of the listed four-tuples:

e H=C, Pj=p; €1{0,1}, j =1,2,3,4 (total 6 irreps).

o H=C?,
P—l 1+a —b-—ic P—l 1—a b-—ic
V=5 \btic 1-a ) "2 2\btic 1+a)’
P—l 1+a —b+ic P—l 1—a b+ic
37o\lcb—ic 1—a ) "* T 2\b—ic 1+a)’

a’> 4+ b?> +c®> =1, and either a> 0,b > 0,c € (—1,1), or
a=0,b>0,c>0,0ora>0,b=0,c>0.
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Four-tuples of projections with scalar sum, \ # 2

Let
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Four-tuples of projections with scalar sum, A =2 + 2k+1

Theorem (V.O., Yu.Samoilenko, 1998)

Any irreducible four-tuple of projections
Pir+ P>+ P3+ Py =2—

2k+1l IS unitary equivalent to

Pl — Qn—l,n@Qn—3,n@"‘@Q2,n@07
Po=Ry1n®Rn3,®  ®Rn®0, H=C® - ®C2 aC!

P3 :O@Qn—2,n@Qn—4,n@'”@Q1,m
P4:O@Rn—2,n@Rn—4,n@"-@Rl,n, H:Cl@écz@@czj

~"

k

Any irreducible four-tuple P{ + Py + Py + P} =2+ 5251, is
Pl =1 — Pj, where Py + Py + P3+ Py = 2 — 521 are as
described above.
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Four-tuples of projections with scalar sum, A =2 + i

Any irreducible four-tuple of projections
Pi+ P>+ P33+ Py =2 — %I, IS unitary equivalent to

P1=0® Qok—24k D D Coarx DO,
P,=16& R2k—2,4k b---D R2,4k @0, H= C1@£C2@- . -@C%@Cl,

~"

k—1

P3 = Qok—1,4k © Qok—3,4k @ - - D Q1,4k,
Py = Rop_14k ® Rok—34k D+ D Rk, H= §C2 BB Czj

~"

k

and three more reps obtained by cyclic permutations of P;. Any
irreducible four-tuple P{ + Py + Py + Py =2+ 521, is P} = | — P,

where P1 + Py + P34+ P4 =2 — ﬂl are as descrlbed above.
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Four-tuples of projections with scalar sum, A =2 +

2k—|—1

Any irreducible four-tuple of projections
Pi+ P+ P3s+ Py=2— 2k+1l is unitary equivalent to

P1=1® Qxk_14k42D - D Q1,4k+2,
Pr=0® Rok—1,4k42 D ® Rigkso, H=C'o C®--- & C,

P3 = Qokak+2 @ -+ D Qo ak12 DO,
Ps=Roaki2® - ® Roars2®0, H=C’®---0C°> o Ch

-~

k

and three more reps obtained by cyclic permutations of P;. Any
irreducible four-tuple P + P, + P} + P, =2+ 2k1+1/ is
PJ{:/—PJ', where P + P> + P33+ Py =2 —
described above.

2k+1l are as
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Star-shaped graphs and weights

Let [ be a star-shaped graph. A weight on the graph:

X:(ozgl),...,ag);...;agn),...,af(:);’y),
o
[ag’»)
3
[ag
1 1”. 1 2”. .2—.2
ag) ag) agq) v O‘EQ) ag) ag)
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Algebra related to a star-shaped graph and a weight

e x-Algebra Ar, is generated by self-adjoint elements a;, | =1,
., n, which satisfy relations

n
pi(a;) =0, Z a; = e,
=1

where p;(x) = x(x — agl)) co(x — a%)), I=1,...,n

@ x-Representations of this algebra are n-tuples A1, ..., A, with
A1+ ---4+ A, =l and the spectrum of each A, is contained
in {0, agl), e af{ll)} = M,.

@ Problems:

— For which x there exist x-representations of Ar ,7?
— What is the structure of x-representations?
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Locally scalar (orthoscalar) representations of a graph

Let [ be a sipmly laced nonoriented graph.

Definition (S.A.Kruglyak, A.V.Roiter (2005))

Locally scalar representation of a graph I': T, > a— H,,
[ D (04,5) > Aa,ﬁi H, — H@, Ag’a: HB — H,, such that
AZ,B = Agqand Va el

> A sAas =Xl
B: (a,B)€rle

u = (Xa)acr, is a character of the representation.
Morphism is a collection of unitary operators U, : H, — H., such
that V(o, B) € Te UsAnp = AZI,B U,.
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Representations of Ar,and l.s.r. of [

Theorem (S.A.Kruglyak, S.V.Popovych, Yu.S.Samoilenko. (2005))

The categories of non-degenerate irreducible x-representations of
Ar . and non-degenerate locally scalar representations of I with

character u are equivalent.
_ n_ 0 0 _ () (N
Here X,00t = 7y and X =0l Xl =0 — o,

() () () () () 0 0 _ 0 ()

Xp—3 = Q1 — Q7 Xl g = Qo — Qo7 Xy "5 = Q" 5 — Q37
etc.
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Deformed preprojective algebras

[ star-shaped, Q related quiver, all arrows directed to the root,

A = (Ag)ger,. The correspondig deformed preprojective a/geb_ra
(see W.Crawley-Boevey, M.P.Holland. (1998)) is M*(Q) = CQ/J,
J is generated by > o [a, a*l — D _geq, Netgi CQ is the path
algebra of the doubled quiver Q, &5 is the idempotent
corresponding to g.

Let for /-th branch X is (oz%)_l — ozf(ll), . ,agl) — ozgl), —ozgl), v), v is
at root.

Theorem (A.S.Mellit, Yu.S.Samoilenko, M.A.Vlasenko (2005))

Ar . is isomorphic to e.M*e., c is the root vertex.
dim Ar, < oo <= dim M* < oo. Ar ., and M* have the same
growth order.
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Star-shaped Dynkin graphs
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Star-shaped extended Dynkin graphs
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Star-shaped critical graphs

NCERERIE T2 e *~—o,

r(2’2’3): ® ® ® ® o,

r(1’3,4): —o o I *——o—o o,

F(1,2’6): *—eo I ——9o —9o o 0o o

Any graph which properly contains an extended Dynkin graph,
contains on of the listed above graphs
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Questions to study

If " is a Dynkin graph, the correponding algebra Ar , is
finite-dimensional for any vy, it has finite number of irreducible
x-representations, and they are finite-dimensional.

@ If [ is an extended Dynkin graph, there exist Yy, such that
Ar . has infinite series of finite-dimensional x-representations.
Are all irreducible representations finite-dimensional for any x?
@ ForI' =T (11111 and I =T(1112) exist weights for which
Ar . has infinite-dimensional irreducible representations. |s
this true for any [ which properly contains an extended
Dynkin graph?
In other terms these questions were formulated in [I.K.Redchuk,
A.V .Roiter (2003)] for locally scalar representations of graphs

The answers are: Yes, Yes.
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Coxeter functors

Coxeter functors
S: RepAr, —+ RepAr,/, T: RepAr, — Rep Ar,~.

T?>=S5%=1d, but TS # ST.
The action of these functors on *-representations gives rise to the

action on the set of weights, S: x — X/, T: x — X”. So we have
a dynamical system on the set of weights generated by this action.

Basic idea: Take Y, for which representations of Ar , can be
studied easily, apply S, T, TS, ST,..., and get a series of Ar,,,
for which representations can be described.

Example: Sums of projections
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Coxeter functors. Construction of “linear” mapping

Let Ay + -+ Ay =71, o(A)) C {0,070} j=1,.

Define S: A; =+ AL = Xjl — Aj, j=1,...,n, where \; = a(kfj) is the
maximal eigenvalue of A;. Then

1+ +A =+ + A=A
and o(A}) = A\; — a(Aj), j=1,...,n. Therefore for

1 1 n
X:(ag). agq),...;ag). ozg(),fy)

we have

(1)_ (1) @), ., m_ (n). ()
Sx = (o —ag 1, o7 =y’ g g Qg —)
Vasyl Ostrovskyi *-Algebras generated by projections and their representations

Algebras related to graph

*-Representations of Ar . I is ED graph
*-Representations of A|— - I contains ED graph properly

Collections of projections with orthoscalarity conditions

Coxeter functors. Construction of “hyperbolic” mapping

Let Ay + -+ Ay =71, o(A))  {0,0f,....a)} j=1,..
so that

Z Z a(J)P(J) — I,

j=1 m=1

where P,(,{) are the spectral projections of A;, j=1,...,n. Let G
be the Gram matrix of (P{Y,..., P, ... P . PIY. Let

D= %d/ag( (. ozg) .,ozgn),. akn))

then D/2GD'/? is a projection, and | — DY/2GD'/? is also a
projection.
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Construction of “hyperbolic” mapping continued

Let

1 . n n
D’:;dlag( —ag),...,v agq) Y= ()...,fy—ag(n)),

then (D’)~1/2(1 — DY2GDY/?)(D')~1/2 is a Gram matrix of some
family (P'V, . PP PR, for which

ZZ P =1, PP —0 1 m, j=1,...n
Jj=1 m=1
A NK Yy pr) _
For TAj = Al =31 (v — ai’ )P we have 377, ~lI, and
TX:(fy—oz&)...,fy (),...;fy ozg(), ..,v—agn);v).
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Evolution of weights: Case of extended Dynkin graphs.
Invariant weights

Theorem (Known fact)

If T is an extended Dynkin graph, there exists unique (up to a
multiplier) weight xr, invariant wrt S, T.

(1,1;1;1;2)
= =(1,2;1,2;1,2;3)
= (1,2,3;1,2,3:2;4)
XE (1,2,3.4,5:2, 4: 3:6)

Notice that for the corresponding algebras the Coxeter functors
technique is not applicable.
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Evolution of weights: Case of extended Dynkin graphs

1
1 21

D41 1

1

2
B v o o33 1

2

~ 1 2 3 IZV 3 2 1
E;: o—e o oo

3
~ 2 4 I@ 5 4 3 2 1
Eg: o—e o o o o o
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Evolution of weights: Case of extended Dynkin graphs

Let xr, be like xr but with ~ at the root vertex.

Theorem
(TS)™xr = xr~, where

m=1 for Dy, m=2 for Eg, m =3 for Ez, m =5 for Eg

and ' is some number, which depends on T .

It a weight x is invariant in such wide sense, it is xr ., for some 7.

| \

Theorem
Let ' be an extended Dynkin graph. For any k =1, 2, ..., and
any x

(TS)wrlwr=ky = 5 — kwr(wr — ) xr,

where wr = 2, 3, 4 and 6 for [34, E(j, E7 and Eg, ~ is a value of x
at the root vertex.

A\
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Sets of parameters, for which there exist representations.
Example: Families related to Eg

A1+ A + As =1, o(Ax) C {0,1,2} have solutions iff

112
- 22
323’ }}LJ{3}

Similar theorems hold for all extended Dynkin graphs.

| k=0,1,...;s €

W~:{3i
TE 6 k+s
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Finiteness of dimensions of irreducible representations

Theorem (V.0O. (2005))

Let [ be an extended Dynkin graph. For any x, all irreducible
representations of Ar , are finite-dimensional.

Steps of the proof

@ For weights which have non-trivial evolution, we apply the
Coxeter functors technique

@ For limit cases (stationary or periodic cases) a polynomial
identity in the algebra holds [A.Mellit (2005)]
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Case of graphs containing ED graph

For algebras Ar, where ' properly contains an extended Dynkin
graphs, only partial examples are studied, and only partial results
are known.

We obtained some results about representations of these algebras
which can be used as a starting point for their systematic study.
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Invariant weights. General case

For graphs which are not Dynkin graphs, we introduce xr:

1 1 n n
Xr:(ozg),...,ozfq);...;ozg),...,045(1);1),

o l+t+- 1
o’ =

J 1+t+.--+thk’
where t +t~ 1 +2 = r2 ris the index of T.
For extended Dynkin graph such weight is unique (¢t = 1) and
coincides with xr introduced for ED graphs.
For any graph containing extended Dynkin graph properly there are
two special weights corresponding to two solutions for t.

(TS)xr = t~1xr.

Notice that the algebras corresponding to xr and txr are
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Odd and even parts of xr and their evolution

Let xr be the invariant weight on I.
We decompose xr into the sum of “odd” and “even” parts,

XT = Xr + Xr in some special way following [I.K.Redchuk,
A.V.Roiter (2003)].

Theorem (V.0. (2005))

(TSYxr = ﬁ((l — ) xr + 11— ¥)xr),
(ST)j;%r = ﬁ((l — tzj);Cr (= t2j+1)>%r),
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Existence of infinite-dimensional representations

Theorem (S.Albeverio, V.O., Yu.Samoilenko. (2007))

Let I contains an extended Dynkin graph properly. There exists a
weight x such that Ar , has infinite-dimensional irreducible
x-representation.

Steps of the proof

@ Consider only critical graphs. Representation can be extended
to larger one
@ Construct representation for Ar;} and apply (TS)k, k> 1, to
r

construct representations of Al':xk — Ar

@ Apply Shulman’s thorem [V.S.Shulman (2002)] to construct
representation of Ar .

@ For a finite-dimensional irreducible representation, the trace
equality would hold. We show it fails.
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