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ABSTRACT

We study the conditions for truncated symmetric products ofmanifolds to be manifolds. In particular, we
show that suitably defined spaces of systems of real roots of real polynomials are homeomorphic to real projective
spaces.

1. Definitions and statement of results.

Unless otherwise stated, in this paper ‘manifold’ will mean‘manifold without bound-
ary’.

DEFINITION. The n-th symmetric product of a topological spaceX (denoted by
SPn(X)) is the quotient of then-fold Cartesian product(X)n by the action of the sym-
metric groupSn, which permutes the factors in(X)n. The topology onSPn(X) is the
quotient topology with respect to the natural map

(X)n
ρ1−→ SPn(X).

SP 0(X) is defined to be a point.

We can write points ofSPn(X) as formal sums
∑
kixi, wherexi ∈ X , i ∈ Z, ki are

non-negative integers and
∑
ki = n. We require the pointsxi ∈ X to be distinct, but, in

order to simplify the definition below, we allow zero coefficients in these expressions, so
the representation of a point ofSPn(X) by a formal sum is not unique.

DEFINITION. Then-th truncated symmetric product of a topological spaceX (de-
noted byTPn(X)) is the quotient ofSPn(X) by the following equivalence relation:

∑
kixi ∼

∑
k′ixi if ki ≡ k′i (mod 2) for all i.

The topology onTPn(X) is the quotient topology with respect to the natural map

SPn(X)
ρ2−→ TPn(X).

Other notations for truncated products, such asSPn(X,Z/2) andXPn(X) can be
found in the literature. We use the notation of [1].

Choose an arbitrary pointx ∈ X and for any0 ≤ k ≤ n let ∆k ⊂ SPn(X) be the
subset of points which can be written asmx+

∑
kixi for somem ≥ k. Thenρ2(∆k) can
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be identified with a copy ofTPn−k(X) insideTPn(X). Whenk is even, this inclusion
does not depend on the choice of the pointx, so there is a natural filtration on truncated
symmetric products:

. . . ⊂ TPn−2(X) ⊂ TPn(X).

We can write points ofTPn(X) as formal sums
∑
kixi, wherexi ∈ X , ki ∈ Z/2 and

the number of non-zero terms does not exceedn and has the same parity asn.
Truncated symmetric products were introduced in [4] by Dold and Thom (they studied

only infinite products); a topological description of finite truncated products (i.e. the ones
in question here) can be found in [7] and [1], where they were used as a tool for studying
configuration spaces. Truncated products are also relevantas spaces of real algebraic 0-
cycles modulo 2 in the context of Lawson’s theory of algebraic cycles, see [6].

There are two well-known facts about symmetric products, westate them as one theo-
rem:

THEOREM 1. A) LetM be a manifold. ThenSPn(M) is a manifold forn > 1 if and
only if dimM = 2.

B) SPn(CP
1) is homeomorphic toCP

n.

Theorem 1B is easily proved as follows:CP
n can be interpreted as the space of ho-

mogeneous polynomials in two variables of degreen modulo multiplication by a non-zero
complex constant. Each polynomial is determined up to a constant by itsn roots on the
Riemann sphereCP

1 = C ∪ {∞}; on the other hand,SPn(CP
1) is precisely the space

of n-tuples of unordered points inCP
1. Clearly this correspondence between polynomials

and root systems is continuous; hence the result.
Here we prove an analogous theorem for truncated symmetric products.

THEOREM 2. A) LetM be a compact connected manifold. ThenTPn(M) is a man-
ifold for n > 1 if and only ifdimM = 1.

B) TPn(RP
1) is homeomorphic toRP

n.

Theorem 2B has the following refinement. ConsiderRP
n as the space of real homoge-

neous polynomials in two variables of degreen modulo multiplication by a real constant.
Then we have a map

P : RP
n → TPn(RP

1),

which sends a polynomial to the system of its real roots with multiplicities reduced mod-
ulo 2. This map is clearly onto, continuous and closed, but not one-to-one. We shall prove
the following statement:

THEOREM 3. The mapP is homotopic to a homeomorphism.

2. Proof of Theorem 2A.

Denote by∆ the ‘big diagonal’ in(M)n, i.e. the set of points with at least two coin-
ciding coordinates. Consider the sequence of natural maps

(M)n
ρ1−→ SPn(M)

ρ2−→ TPn(M).
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The image of∆ underρ2ρ1 is TPn−2(M) ⊂ TPn(M). Also notice that the composite
mapρ2ρ1, restricted to(M)n\∆ is ann!-sheeted covering

ρ2ρ1 : (M)n\∆ → TPn(M)\TPn−2(M).

Now supposeTPn(M) is a manifold,dimM ≥ 2. Clearly,dim TPn(M) = n dimM .
Choose any pointy ∈M . Then the pointρ2(ny) (or, in other words,ρ2ρ1(y, y, . . . , y))

belongs toTPn−2(M) ⊂ TPn(M). Take a small ballB aroundρ2(ny). Then

dimB ∩ TPn−2(M) = (n− 2) dimM

and, hence,HndimM−2(B∩TPn−2(M)) = 0. By Alexander duality this implies that the
first homology group of

W = B\(B ∩ TPn−2(M))

is zero. Also, asdimM ≥ 2, it is clear that̃W = ρ−1
1 ρ−1

2 (W ) is connected. But as

ρ2ρ1 : W̃ →W

is ann!-sheeted covering withSn being the monodromy group,H1(W ) cannot be trivial;
so we get a contradiction.

(Indeed, we have a surjection

π1(W ) → Sn.

For anyn there is a non-trivial mapSn → Z/2. AsH1(W ) = π1(W )/[π1(W ), π1(W )],
the composite mapπ1(W ) → Z/2 must factor through a non-trivial mapH1(W ) → Z/2,
soH1(W ) 6= 0.)

The only 1-dimensional compact connected manifold is the circle RP
1. In the next

section we will show thatTPn(RP
1) is a manifold for anyn; that will establish Theo-

rem 2A.

3. Proof of Theorem 2B.

Here we will verify Theorem 3 and, hence, prove Theorem 2B. First we state an auxil-
iary lemma about the symmetric products of a 2-disk:

LEMMA 1. SP k(D2) is homeomorphic to a2k-dimensional ballD2k.

Proof. Let D2 = {z | z ∈ C, zz̄ ≤ 1}. Define a mapψ1 : SP k(D2) → C
k by

sending a point(a1, . . . , ak) ∈ SP k(D2) to the coefficients of the polynomial(z − a1) ·
. . . · (z − ak); and a mapψ2 : Ck → C

k = R
2k by

(r1e
iφ1 , r2e

iφ2 , . . . , rke
iφk) → (r1e

iφ1 ,
√
r2e

iφ2 , . . . , k
√
rke

iφk).

Then the composite mapψ2ψ1 : SP k(D2) → R
2k is one-to-one and carriesSP k(D2)

onto some neighbourhood of zero inR2k. Any ray starting at0 ∈ R
2k meets the boundary

of ψ2ψ1SP
k(D2) precisely in one point. This implies thatψ2ψ1SP

k(D2) and, hence,
SP k(D2) is homeomorphic to a ball.

Let us study the structure of the mapP : RP
n → TPn(RP

1). The spaceTPn(RP
1)

is filtered by the subspacesTPm(RP
1), wherem ≤ n andm ≡ n (mod 2). The space

Cm = TPm(RP
1)\TPm−2(RP

1)
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can be identified with the configuration space ofm unordered distinct points on the circle.
ClearlyCm is an (open) manifold.

RP
n can be decomposed as the union of subspaces

⋃
Ri, whereRi is the space of

polynomials, which havepreciselyi real roots of odd multiplicity. Explicitly,

RP
n =

{
R0 ∪R2 ∪ . . . Rn if n is even
R1 ∪R3 ∪ . . . Rn if n is odd

Notice that
⋃
∂Ri is the hypersurface of polynomials with multiple real zeros; it is a

subset of the zero set of the discriminant. The mapP respects the decompositions we have
introduced onRP

n andTPn(RP
1). Denote bypi the restriction ofP toRi:

pi : Ri → Ci.

Every polynomial withi roots of odd multiplicity can be uniquely factorised as a prod-
uct of a non-negative (i. e. positive semi-definite) polynomial of degreen− i (normalised
in such a way that the sum of squares of its coefficients is equal to 1) and a polynomial of
the form

(a1x− b1y) . . . (aix− biy),

where(ak, bk) are distinct points ofRP
1.

The space of normalised non-negative polynomials of degreen− i is homeomorphic to
SP

1

2
(n−i)(D2), whereD2 is considered as the closure of the upper half-planeIm(z) > 0

in CP
1 = C ∪ {∞}. This means that

Ri = Ci × SP
1

2
(n−i)(D2) = Ci ×Dn−i

andpi is the projection on the first factor. The boundary ofRi can be described as a union

of two components. The first one isFi
def
= Ci × ∂Dn−i = Ci × Sn−i−1, obviously

Fi ⊂ Ri. The second one is∂Ri\Fi = ∂Ri

⋂
Ri−2. The following lemmas can be easily

verified directly from the definition ofRi.

LEMMA 2. Anyx ∈ Fi has a neighbourhoodNx such thatNx

⋂
Rk is empty for

k < i.

LEMMA 3. For eachi, F i dividesRP
n into two components; the closure of one of

them is
⋃

k≤iRk; the closure of the other is
⋃

k>iRk.

The mapP can be described as a composition of collapsing maps

RP
n = Q0

q0→ Q2
q2→ . . .

qn−2→ Qn = TPn(RP
1), n even,

or

RP
n = Q1

q1→ Q3
q3→ . . .

qn−2→ Qn = TPn(RP
1), n odd,

whereqi are the maps, which collapse the fibres ofpi to single points, andQi are the cor-
responding quotient spaces. We will see that these maps are actually homotopic to homeo-
morphisms.

Let us first look at an example:n = 2. Here the mapP is 1-1 everywhere, apart from
the disk, bounded by the conic

x21 − 4x0x2 = 0,

i.e. the conic, defined by the condition that the discriminant of the polynomial is zero; here
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FIG. 1. The deformation retractionφt

xi are the homogeneous coordinates onRP
2. This disc, which describes polynomials with

double roots or no real roots, maps into a single point.
Take a ‘one-sided tubular neighbourhood’ of this disk and define the deformation re-

traction

φt : RP
2 × [0, 1] → RP

2

so thatφt is the identity map outside the neighbourhood of the disk forall t and is the
contraction of the disk to a single point whent = 1, see Fig. 1. ThenP (φ−1

t ) is a homotopy
of P to a homeomorphism.

Our strategy is to use the same method for the mapsqi ‘fibrewise’. In general, however,
the hypersurface of polynomials with multiple real roots issingular, so we need some
results concerning one-sided tubular neighbourhoods in such a situation.

DEFINITION. ([2]) Let X be a topological space andB a subset ofX . ThenB is
collaredin X if there is a homeomorphismh carryingB × [0, 1) onto an open neighbour-
hood ofB such thath(b, 0) = b for all b ∈ B. If B can be covered by a collection of open
subsets (relative toB) each of which is collared inX , thenB is locally collaredin X .

B is said to bebi-collared in X if there is a homeomorphismh carryingB × (−1, 1)
onto an open neighbourhood ofB such thath(b, 0) = b for all b ∈ B. The notion ofB
beinglocally bi-collaredis defined similarly.

An example of a locally collared (in fact, collared) subset is the boundary of a manifold
with boundary. An example of a locally bi-collared subset isa smooth submanifold of
codimension 1 in a smooth manifold.

THEOREM 4. ([2]) A locally collared subset of a metric space is collared.

THEOREM 5. ([8], see also [2]) If B → Int(X) is a piecewise linear embedding of
an(n−1)-dimensional PL-manifold into a PLn-manifoldX , thenB is locally bi-collared
in X .

Now we are in the position to prove the following

PROPOSITION1. For eachi, the mapqi : Qi → Qi+2 is homotopic to a homeomor-
phism.
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Proof. First of all notice thatRP
n together with the hypersurface of polynomials

with multiple real roots is a compact stratified set, hence bythe main theorem of [5] it has
a triangulation, compatible with the stratification. The subsetsFi are not closed, but they
are locally triangulable.

As we mentioned above,Fi is homeomorphic toCi × Sn−i−1, which is a manifold.
Thus, by Lemma 2, for any pointx ∈ Fi we can find a triangulation ofRP

n, such that
there exists a triangulated neighbourhoodN of x, homeomorphic to a ballDn, N ∩ Fi is
homeomorphic to a ballDn−1 andN ∩ ∂Rk is empty fork < i. Applying Theorem 5 we
get thatFi is bi-collared in some neighbourhood ofx insideRP

n and, hence, collared in
some neighbourhood ofx inside each of the components into whichF i dividesRP

n. In
particular, it is collared inRP

n\Int(⋃k≤iRk). Asx is an arbitrary point ofFi, it follows
thatFi is locally collared and, by Theorem 4, is collared inRP

n\Int(⋃k≤iRk).
Now we construct a ‘spindle neighbourhood’ ofFi as follows. Letλ be a continuous

function onFi, such thatλ = 0 on Fi − Fi and0 < λ < 1 on Fi. Then our spindle
neighbourhoodSi is the subset of the collarFi × [0, 1) defined as

Si = {(x, t) | x ∈ Fi; 0 ≤ t ≤ λ}.
There is a deformation retraction

Φt : (Si ∪Ri)× [0, 1] → Si ∪Ri,

which commutes with the projectionpi and in fibres looks like the retractionφt of Fig.1.
The union ofRi and the spindle neighbourhood ofFi maps homeomorphically intoQi

under the composite collapsing mapRP
n → Qi. We extendΦt toQi by the identity map;

it is immediately clear that this extension ofΦt is continuous everywhere, possibly apart
from the image of

⋃
k<iRk. And continuity there follows from the following fact:

LEMMA 4. The decomposition ofRP
n into fibres ofP is upper semicontinuous, i.e.

for any neighbourhoodU of a diskP−1(y), y ∈ TPn(RP
1) there exists a neighbourhood

V , such that any fibre ofP which intersectsV lies inU .

(This lemma directly follows from Prop.1, Ch.1 of [3], which says that if a map between
topological spaces is closed, the decomposition of the source space into the fibres of the
map is upper semicontinuous. It can be easily verified directly.)

Now qiΦ
−1
t is a homotopy, carryingqi into a homeomorphism; this proves Proposi-

tion 1.

If two maps are homotopic to homeomorphisms, their composite is also homotopic to
a homeomorphism. This proves Theorem 3.

REMARKS. There are powerful tools, such as Edwards’ cell-like approximation the-
orem [3], to treat situations like ours. However, Edwards’ theoremworks in dimensions
≥ 5 and requires some conditions, which are not totally trivialto verify in our case; so we
chose the direct approach.

Theorem 2B in a weaker form, namely, thatTPn(RP
1) is homotopy equivalentto

RP
n, has been proved by B. Mann and R. J. Milgram. Their proof (unpublished) was

based on completely different arguments.
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